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Time-dependent wave packet calculations were carried out to study the O+ O2 (V ) 0, j ) 0) exchange
reaction on the Siebert-Schinke-Bitterova potential energy surface. Because of the presence of a deep well
supporting quasistable ozone complexes, it is found that one needs to propagate wave packets up to 20 ps of
time to fully converge the pronounced resonance structures in the total reaction probabilities. We calculated
the total reaction probability for total angular momentumJ ) 0 for collision energies up to 0.6 eV, and the
integral cross section for collision energies up to 0.4 eV under the centrifugal-sudden approximation. To
assess the accuracy of the CS approximation for the reaction, we calculated fully converged cross sections up
to a collision energy of 0.04 eV. It is found that (a) both fully converged and centrifugal-sudden cross sections
are full of a resonance structure, although not as pronounced as for theJ ) 0 reaction probability, and (b) the
centrifugal-sudden approximation can only be used to accurately calculate the thermal rate constant for the
reaction, but not the integral cross section.

1. Introduction

It has long been recognized that wave packets, corresponding
to a superposition of states of various total energies, provide
the most general approach to the solution of the time-dependent
Schrödinger equation. However, the time-dependent wave packet
(TDWP) method became a powerful tool for quantum reactive
scattering problems only after Kouri and co-workers1,2 demon-
strated how to extract S-matrix elements over a wide range of
energies from a single wave packet propagation. Since then,
the TDWP method has been the driving force for the advance-
ment of quantum scattering studies of chemical reactions, in
particular for four-atom reaction systems. The development of
the TDWP method made it possible for us (a) to calculate exact
total reaction probabilities4-6 and state-to-state reaction prob-
abilities7,8 for total angular momentumJ ) 0, as well as fully
converged integral cross sections9,10 for four-atom reactions in
full dimension, (b) to study a chemical reaction with two reactive
bonds included in full dimension,11 and very recently (c) to
calculate state-to-state integral cross sections for the H+ H2O
reaction in five dimensions.12 In this paper, we report a TDWP
calculation for the O+ O2 exchange reaction, which involves
long-lived resonances due to a deep well supporting quasistable
ozone complexes. To resolve long-lived resonance structures,
one has to calculate the reaction probability at thousands of
energies, which makes the TDWP method an ideal approach to
employ.

Although present only as a trace constituent, ozone plays a
crucial role in the absorption of radiation and in the energy

balance of the atmosphere.13 The formation of ozone is believed
to proceed through an excited O3

/ complex by the energy
transfer mechanism

where O3
/ denotes either a vibrationally excited complex or a

complex with one of the low lying electronic states being
excited. The rate for forming an excited complex in bimolecular
collisions as well as the dissociation rate of that complex are
crucial to the abundance of ozone. Given the importance of
reaction 1, several experiments have been carried out to measure
the temperature dependence of the exchange reaction.14-18

Classical,19 quasiclassical,20-26 and hemiquantal26,27 trajectory
calculations have been performed to study the exchange reaction
on a number of potential energy surfaces developed through
the years.20,22,24,28

Recently, Schinke and co-workers29 constructed an accurate
global potential energy surface for the ground electronic state
of ozone based on high level ab initio calculations, denoted as
Siebert-Schinke-Bitterova (SSB) PES. Bound states calcula-
tions performed on the PES for16O3 and other isotopomers
revealed excellent agreement between theory and experiment
in vibrational energies.30 One of the key features of the SSB
PES is a transition state region with a tiny barrier separating
the well region from the product channel. To assess the accuracy
of the PES in the transition state region, Schinke and co-workers
very recently performed extensive quasiclassical trajectory
(QCT) calculations on the SSB PES, as well as on two newly
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modified PES which have different barrier heights from the SSB
PES.31,32It was found that the variation of the exchange reaction
cross section with collision energy and the magnitude of the
thermal rate constant below room temperature depended drasti-
cally on the shape of the potential at intermediate distances.
The thermal rate constant obtained on the SSB PES is
significantly lower than the accepted experimental value. They
also calculated the total exchange reaction probability forJ )
0 for the collision energy up to about 0.1 eV by using a time-
independent quantum reactive scattering method. It was found
that the average quantum reaction probability agrees with the
QCT probability very well, indicating that the classical cross
section and rate constant should approximate the quantum ones
reasonably well.

In this study, we used the TDWP method to study the16O +
16O2 (V ) 0, j ) 0) exchange reaction. Specifically, we
calculated the total reaction probabilities forJ up to 80 under
the centrifugal sudden (CS) approximation, which leads to
approximate integral cross sections for a collision energy up to
0.4 eV. To assess the accuracy of the CS approximation, we
also calculated the total reaction probabilities forJ up to 26
with up to 15 K blocks (the projection of the total angular
momentum on the body-fixed axis) included and managed to
obtain the fully converged cross sections for the title reaction
for collision energies up to 0.044 eV. It is worthwhile to point
out here that16O2 (V ) 0, j ) 0) actually does not exist in nature
because of Bose statistics. However, because it is much more
expansive to calculate the integral cross section for the16O +
16O2 (V ) 0, j ) 1) reaction, we chose to study the initialj )
0 state based on the assumption that dynamics for thej ) 1
initial state should be close to that for thej ) 0 initial state.

Section 2 outlines the theoretical methodology of the initial
state selected wave packet (ISSWP) approach to atom-diatom
reactions. We present the results of our calculation in section 3
and examine the accuracy of the CS approximation to the cross
sections for the reaction, followed by the conclusion in section
4.

2. Theory

In this section, we briefly outline the time-dependent wave
packet (TDWP) method employed to calculate the initial state
selected total reaction probability. The reader is referred to refs
33 and 34 for more detailed discussions of the method. The
Hamiltonian for the atom-diatom reaction O+ O2 in the
reactant Jacobi coordinates (R, r, θ) can be written as

where µR is the reduced mass between O and O2, µr is the
reduced mass for O2, J is the total angular momentum operator,
and j is the rotational angular momentum operator of O2.

The time-dependent wave function is expanded in terms of
the translational basis ofR, the vibrational basisφv(r), and the
BF total angular momentum eigenfunctionsY jK

JMε as33

where un
v is the translational basis function forR which is

dependent onV as given in ref 5.
The BF total angular momentum basesY jK

JMε(R̂, r̂) in eq 3
are the eigenfunctions forJ, j, K and the parity operator.

They are defined as33

whereDK,M
J is the Wigner rotation matrix,35 ε is the total parity

of the system defined asε0(-1)J with ε0 being the parity of the
system, 0e K e min(J, j) is the projection of total angular
momentum on the BF axis, andyjK are spherical harmonics.
Note that in eq 4 theK ) 0 block can only appear whenε ) 1.

As in ref 33, we construct wave packets and propagate them
to calculate the reaction probabilitiesPv0j0K0

Jε (E) for each prod-
uct. The integral cross section from a specific initial statej0 is
obtained by summing the reaction probabilities over all partial
waves (total angular momentumJ)

wherek ) (2µE)1/2/p.
The numerical parameters for the wave packet propagation

were as follows: A total of 269 sine functions (among them
58 for the interaction region) were employed for the translational
coordinateR in a range of [2.5,13.0]a0. A total of 80 vibrational
functions were employed forr in the range of [1.5,6.0]a0 for
O2 in the interaction region. For the rotational basis, we used
jmax ) 110. The number ofK values used in our calculation for
the fully converged cross section depends onJ, with the
maximum number of 15. For lowerJ, we propagated the wave
packets for 106 a.u. of time to converge the low energy reaction
probability. ForJ > 20, we propagated the wave packets for a
shorter time because the reaction probability in the low energy
region is negligible.

3. Results

Figure 1 shows the total reaction probability for the O+ O2

(V ) 0, j ) 0) reaction on the SSB PES at 1600 energies for
collision energy up to 0.6 eV. The probability is dominated by
pronounced resonance structures in the low collision energy
region, which are due to the trapping of the wave packet inside
the potential well. Starting from the collision energy of 0.2 eV,
the resonance structures gradually become less pronounced and
the overall magnitude of the reaction probability also gradually
decreases with further increase of collision energy.
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Figure 1. Total reaction probability for the O+ O2 (V ) 0, j ) 0)
exchange reaction on the SSB PES as a function of translational energy
for total angular momentumJ ) 0.
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Figure 2 shows the total reaction probability in the low energy
region. The probability is very small up to about 0.012 eV,
except for two very near resonance peaks at about 0.007 eV,
and then rises rapidly together with pronounced resonance
structures. There are many resonance peaks with widths of 2-4
cm-1, corresponding to resonance states with lifetimes of 1-2
picoseconds. This is in good agreement with that found in the
QCT calculations.31 The reaction probabilities for most of these
pronounced resonance peaks are around 50%. Some are even
larger than 60%, close to 2/3. This can happen when energy
transfer between the three modes in the system is so complete
during the reaction that the three dissociation channels become
equal. The crosses shown in the figure are the total reaction
probabilities calculated by the time-independent (TID) method
of Fleurat-Lessard et al.31 downshifted in energy by 0.0036 eV.
Except for the tiny energy difference which was very likely
caused by the difference in defining the asymptotic energy of
the SSB potential, the TD probability agrees with the TID result
very well.

Total reaction probabilities were calculated under the CS
approximation for total angular momentum up to 80. In Figure
3, we show total reaction probabilities forJ ) 20 and 40. Also
shown in Figure 3c are the total reaction probability forJ ) 0
together with that forJ ) 20 downshifted in energy by 0.027
eV. As seen, theJ > 0 CS reaction probabilities behave very
similar to theJ ) 0 probability: in the low energy region
dominated by pronounced resonances, and relatively smooth in
the high energy region. The overall magnitude in the low energy
region decreases asJ increases. It is found that the reaction
probability forJ up to 20 resembles theJ ) 0 probability even
in the details after a proper shift in collision energy, as shown
in Figure 3c. However, the reaction probabilities for larger
values ofJ such as that forJ ) 40 shown in Figure 3b differ
substantially in detail from that forJ ) 0.

The CS cross section for the O+ O2 (V ) 0, j ) 0) reaction
for collision energy up toE ) 0.4 eV is shown in Figure 4.
One striking feature is that the pronounced resonance structures
in the total reaction probabilities survive in the cross section.
Summing overJ, as in eq 5, only partially washes out the
resonances. The cross section rises rapidly atE ) 0.012 eV
and reaches the maximum value at a collision energy around
0.11 eV. Then it gradually decreases with the further increase
in collision energy.

To check the accuracy of the CS approximation for the
reaction, especially for the resonance structures in the cross
section, we calculated the fully converged cross section for
collision energy up to 0.044 eV where the CS cross section has
pronounced resonance structures as shown in Figure 4. Extensive
tests were carried out forJ ) 15, which showed that it is
sufficient to use 10K blocks to obtain fully converged reaction
probability for collision energies up to 0.6 eV. Hence we used
min(J, 10) K blocks to calculate the total reaction probabilities
for J up to 15. We used 12 and 15K blocks for 16e J e 20
and for 21e J e 26, respectively. The resulting probabilities
can be treated as fully coupled-channel (CC) ones. It is compu-
tationally demanding to carry out these calculations. It took
about 8 days to propagate a wave packet with 10K-blocks for
106 a.u. of time on a dual-processor HP Itanium2 workstation.

In Figure 5, we show the CC reaction probability forJ ) 15
together with the CS one. TheJ ) 15 CS probability agrees
only qualitatively with theJ ) 15 CC probability. The CC
probability has richer, but less pronounced, resonance structures
than the CS one, in particular in the low energy region. It can
also be seen that the CC probability has a slightly lower
threshold energy than the CS one.

In Figure 6, we show the fully converged CC cross section
for the reaction for collision energy up to 0.04 eV in comparison
with the CS one. The CC cross section is full of resonance
structures, although not as pronounced as in the CS cross section,
indicating that the pronounced resonance structures in theJ )
0 total reaction are not washed out completely in the cross
section. On average, the CC cross section is larger than the CS
cross section, except in the threshold region where they are close
to each other. Thus, it is clear that to obtain a quantitatively
accurate cross section for this reaction one has to propagate a
wave packet for everyJ with the CC treatment for about 106

a.u. of time. As a result, it will be a formidable task even to
converge the cross section for very low collision energy as
shown here. On the other hand, Figure 6 shows that the QCT
cross sections agree with the CC ones extremely well as
expected for such a reaction system involving three heavy atoms.

Figure 2. Same as Figure 1 but for the low translational energy.
Crosses are the total reaction probabilities calculated by using time-
independent (TID) method by Siebert and Schinke,31 downshifted in
energy by 0.0036 eV.

Figure 3. Total reaction probabilities for (a)J ) 20 (b) J ) 40
calculated under the CS approximation. (c) The reaction probability
for J ) 0 together with that forJ ) 20 downshifted in energy by 0.027
eV.
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Thus, the QCT method can be a cheap yet sufficiently accurate
way to study this reaction.

However, if one is only interested in the thermal rate constant,
is it necessary to propagate the wave packet for eachJ for so
such a long time? Let us examine the time convergence of the
contribution ofPJ(E, t) to the thermal rate constant, defined as

wheret is the propagation time,E is the translational energy,
and kb is Boltzmann’s constant. We used the CC reaction
probability forJ ) 15 shown in Figure 5 to obtain the converged
kJ)15(T) with respect to propagation time. In Figure 7, we show
kJ)15(T, t)/kJ)15(T) - 1 for t ) 50 000, 100 000, and 200 000
au of propagation time. As seen,kJ)15(T, t ) 50 000) is about
40 smaller thankJ)15(T) at T ) 200 K, and 20% smaller than
kJ)15(T) atT ) 1000 K. The difference is reduced to about 10%

Figure 4. Total cross section for the O+ O2 (V ) 0, j ) 0) exchange reaction calculated under the CS approximation.

Figure 5. Comparison of the CC reaction probability forJ ) 15 with the CS one.

Figure 6. Fully converged cross section for the O+ O2 (V ) 0, j )
0) exchange reaction for collision energy up to 0.044 eV, in comparison
with the CS one, and the QCT result of Fleurat-Lessard et al.31

kJ(T, t) ) ∫0

∞
dE e-E/kbTPJ(E, t) (6)

Figure 7. Difference between the contribution of the convergedJ )
15 CC reaction probability to the thermal rate constant, defined in eq
6, and those calculated fromPJ)15(t) for t ) 50 000, 100 000, 200 000
au of propagation time, as well as that calculated from theJ ) 15 CS
reaction probability.
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when t is extended to 1000 000-200 000 au. Hence, it is
sufficient to propagate wave packets for about 100 000-200 000
a.u. to obtain a well converged thermal rate constant.

Also shown in Figure 7 is the difference betweenkJ)15(T)
andkCS

J)15(T) which is calculated from the CS probability forJ
) 15. Although the CS reaction probability differs substantially
from the CC probability in detail as shown in Figure 5, the
contributions from these two probabilities to the thermal rate
constant actually agree quite well. Of course, this difference is
expected to increase with the increase ofJ. Because in this
temperature region the thermal rate constant is dominated by
contributions from the total reaction probabilities forJ ) 15-
20, the CS approximation can be used to calculate thermal rate
constant for this reaction with a reasonable accuracy.

4. Conclusions

We carried out extensive time-dependent wave packet
calculations on the O+ O2 (V ) 0, j ) 0) exchange reaction
on the SSB PES. Because of the presence of a deep well
supporting the stable ozone molecule, it is found that one needs
to propagate wave packets up to 106 a.u. of time to fully
converge the pronounced resonance structures in the total
reaction probabilities, and one needs to calculate total reaction
probabilities at thousands of energies to fully resolve these
pronounced resonance structures.

We calculated the total reaction probability forJ ) 0 for a
collision energy up to 0.6 eV, which shows pronounced
resonance structures as expected. We also calculated the total
reaction probabilities for everyJ up to 80 by using the CS
approximation. It turns out that the partial wave summing only
washes out the pronounced resonance structures in the total
reaction probability forJ ) 0 partially. The resulting CS cross
section is full of pronounced resonance structures.

To assess the accuracy of the CS approximation, we
calculated fully converged total reaction probabilities for every
J up to 25, which gave rise to the fully converged cross section
up to a collision energy of 0.04 eV. It is found that the CC
cross section is also full of resonance structures, although not
as pronounced as those in the CS cross section. Comparisons
made between the CS and CC cross sections cleary indicate
that one has to use the CC treatment to obtain quantitatively
accurate cross section for the reaction, which has proven to be
a formidable task.

However, if one is only interested in the thermal rate constant
for this reaction, our calculation shows that it is sufficient to
propagate wave packets for 100 000-200 000 au of time, and
the CS approximation can also be employed without any
significant deterioration in accuracy.
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